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Abstract-Thc loss of stiffness due to penny-shaped cracks associated with fiber breaks in a uni
directional composite is the main theme of the paper. Explicit results are given for the non
trivial Hashin-Shtrikman bound together with the estimates obtained from the self-eonsistent and
differential schemes. In addition the paper contains some results on energy release rates for two
different crack growth mechanisms. It is shown that, in theory, the differential scheme enjoys a
distinguished position.

I. INTRODUCTION

This paper is mainly concerned with the changes of stiffness and strength ofa unidirectional
fiber-reinforced solid due to fiber breaks accompanied by penny-shaped cracks at the ends
of the broken fibers.

The literature on the effect of crack distributions on the response of solids falls into
two categories. First one can consider periodic distributions of cracks, see e.g. Delameter
et al.[l]. Second, and this is by far the major part of the literature, one can consider
random distributions ofcracks. Within this second category, the pioneering paper is due to
Budiansky and O'Connell[2], although Ii less general approach was given independently by
Salganik[3]. The work of Budiansky and O'Connell[2] was especially directed at predicting
the loss of stiffness of an isotropic solid due to a volume distribution of randomly oriented
elliptical cracks-leading to isotropy of the cracked solid. Additional work on the effect of
slit cracks on the stiffness of anisotropic solids has been given by Gottesman et al.[4], and
by Laws and Dvorak[5, 6].

It is particularly relevant to the analysis of this paper to call attention to the work of
Hoenig[7] who was the first to consider anisotropic distributions of cracks. In addition, it
is important to recognize the contributions of Mura and Taya[8] and Taya[9] which were
addressed to the problem of determining the effect of fiber breaks on the response of
unidirectional fiber-reinforced materials.

In this paper we extend the work of various authors[7-9] in that we obtain self
consistent estimates for the reduction in stiffness of unidirectional composites containing
penny-shaped cracks. In addition we obtain the only non-trivial Hashin-Shtrikman bound
on the moduli of the cracked solid. We also derive the appropriate differential scheme model
for the loss of stiffness.

We show how both the self-consistent and differential scheme results are entirely
consistent with the Hashin-Shtrikman bound. Further we show explicitly that the results
of Mura and Taya[8, 9] coincide with the Hashin-Shtrikman bound.

As a further illustration of the results presented herein, we pay brief attention to
isotropic solids containing distributions of aligned penny-shaped cracks and amongst other
things, recover some results first given by Hoenig[7]. The relevance of this analysis in the
study of micro-cracking in ceramics is discussed by Laws and Brockenbrough[lO].
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Finally we investigate the influence of cracks on energy release rates. Here. we consider
two distinct cases. First, we consider situations in which all cracks extend simultaneously.
Second, we consider only one crack in the effective cracked solid. It turns out that the
differential scheme enjoys a distinguished position as far as the evaluation of energy release
rates is concerned. Whether or not this is of physical significance is an open question.

2. PHYSICAL MOTIVATION

Consider a unidirectional graphite-epoxy composite subject to loading parallel to the
fibers. It is known that such composite specimens eventually suffer fiber breakage. The
density of such fiber breaks can be quite large before final fracture occurs. At the end of
each broken fiber, one usually finds penny-shaped cracks (whose normals are in the fiber
direction). Under continued loading, these cracks may extend-see the discussion of Mura
and Taya[8, 9J and the references contained therein.

In addition there is ample evidence that in cross-ply composite laminates, one often
sees fiber breaks in the 0° plies at the end of transverse cracks in the 90° plies. Furthermore,
some recent work by Laws and Brockenbrough[lO] indicates the relevance of considering
aligned penny-shaped micro-cracks in ceramics.

Another application arises in fibrous composites which can develop aligned matrix
cracks on planes perpendicular to the fibers. Such cracks are confined to the matrix and do
not extend through the fibers. They have been observed in 0° plies of cyclically loaded
boron-aluminum laminates by Dvorak and Johnson[ll].

It is, therefore, desirable that the effects of aligned penny-shaped cracks on the stiffness
and strength of both composites and single phase materials be more fully understood.

3. ANALYSIS

In this section we present the mechanics of the effect of distributions of aligned penny
shaped cracks on the stiffness and strength of solids. For simplicity we shall discuss cracked
composites by regarding the uncracked fibrous composite as an effective homogeneous
material. This is, of course, commonplace in the theory of composites, but some further
explanation is required here since the cracked composite will contain both long and short
(broken) fibers.

Now Laws and McLaughlin[12J, followed by Chou et a/.[BJ, have quantified the effects
of fiber aspect ratio on the overall moduli of aligned short fiber-reinforced composites. The
general conclusion is that for aspect ratios greater than 100, say, the stiffness of the
composite is insensitive to fiber length. Since the applications discussed in Section 2 all
indicate broken fibers whose aspect ratios are much larger than 100, there is no loss of
generality in considering only long fibers. If we interpret correctly, Taya[9] arrives at the
same conclusion, by somewhat different methods.

In addition for transverse cracks in composite laminates the use of a model with cracks
in an otherwise homogeneous solid is well established.

The notation and basic ideas presented here are taken directly from the work of Laws
and Dvorak[5,6J. Fourth-order tensors are denoted by upper case letters, e.g. L, I\. and
symmetric second-order tensors are denoted by bold-face letters, e.g. £, (1. The unit fourth
order tensor is denoted by I and the inverse of a non-singular fourth-order tensor A is
denoted by A-I.

Consider a linear elastic solid whose stress tensor, (1, and strain tensor, £, are related
through

(1 = Lt, £ = M(1, LM=ML=I. (I)

We use a standard 6 x 6 matrix notation for the stiffness tensor L and compliance tensor
M. Since we are here concerned with materials which are at worst transversely isotropic
with respect to the coordinate axis Ox}, it follows that eqns (I) may be written in the form
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(2)

(3)

(4)

We use the suffix 0 to refer to the initial uncracked solid. Thus, for example Lo is the
stiffness of the uncracked solid, whereas L is the stiffness of the cracked solid. The volume
concentration of cavities is denoted by c.

It is convenient, but not essential, to develop the theory by considering a family of
aligned spheroidal cavities in a transversely isotropic matrix. A typical spheroid is taken to
be

(5)

In addition we suppose all cavities to be of equal size. This assumption is not essential as
far as theory is concerned, but may well be essential in any application to penny-shaped
cracks at the ends of broken fibers in a unidirectional composite. Ultimately we will obtain
the required results for aligned penny-shaped cracks by allowing the aspect ratio

e = b/a (6)

to approach zero.
Many methods have been proposed to predict the effect of reinforcement on the

effective moduli of composites. It is not our purpose here to give a critical survey of the
various methods. Rather, we give the required formula for the Hashin-Shtrikman bounds,
the self-consistent method and the differential scheme.

In order to get the Hashin-Shtrikman bounds we refer to the work by Willis[14]. We
assume that the cavities are randomly located so that the cracked solid exhibits overall
transverse isotropy. Since this envisaged distribution of oblate spheroidal cavities will
conform to the statistics assumed by Willis[14], it follows that the overall compliance of
the cracked composite must satisfy

C _I
M~Mo+-l-Qo .

-c
(7)

Here Qo is a tensor which depends on the uncracked compliance M o and the aspect ratio
e. The components ofQo can be found explicitly, see Laws and McLaughlin[12] or Laws[15].



1272 N. LAWS and G. J. DVORAK

The right-hand side of inequality (7) is the Hashin-Shtrikman lower bound for M, denoted
here by M-

C I
M =Mo+-Qo .

I-c
(8)

Since the damaged material contains cavities the Hashin-Shtrikman upper bound for Mis
here infinite.

Next we recall that the self-consistent estimate is given by Laws el al.[5] as

(9)

Finally, it is easy to read off the differential scheme estimate from the work of McLaugh
lin[16]

with

dM

de
(10)

M=Mo when e=O. (II)

In terms of the stiffness tensor L it is easy to show that the upper bound L + is given by

L+ = [Mo + l~cQolTI

Also the self-consistent result is

whereas the differential scheme gives

dL I I
-= --LQ- L
de l-e

with

L = L o when e = O.

(12)

(13)

(14)

(15)

We now obtain the required results for penny-shaped cracks by proceeding to the limit
as E: ~ O. Let '1 be the number of cracks per unit volume then

1t
=-CltE:

6

where the crack density parameter (X is defined by

(16)

Note that the crack density parameter is not the same as the crack density parameter
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introduced by Budiansky and O'Connell[2]. The choice ofeqn (16) is motivated by the fact
that a == 1 corresponds to an average of one crack of diameter 2a in each cube of side 2a.

In applications of the theory to composites reinforced by aligned continuous fibers,
the crack can, in the first instance, be visualized as a fiber break which has extended into
the surrounding matrix and has been arrested by adjacent unbroken fibers. This crack is
then regarded as a crack in an effective composite medium. For practical purposes it is
desirable to relate the radius of this crack to the fiber radius, rr, and the fiber volume
fraction, Ur. Estimates can be obtained in various ways. For example if the microstructure
is such that the fibers are located in a close packed hexagonal array and that failure of one
fiber creates a crack which extends through the matrix until it reaches the surfaces of
neighboring fibers, then the resulting penny-shaped crack has radius

{(
21t)1/2 }a == rr V; 3- 1/4 -1 .

In the same spirit one obtains the estimate

a = rr{ (~)'/2 -1 }

(17)

(18)

for a square array. For typical volume fractions occurring in practice the hexagonal array
estimate exceeds the square array estimate by about 13%.

As noted by Eshelby[17] in the isotropic case, and by Hoenig[7] and Laws[15] for
orthotropic materials, the limit as e approaches zero needs to be handled with care. The
essential point here is that whereas Q becomes singular, the product eQ- 1 remains finite.
Thus let

limeQ-l == A
, .. 0

with an analogous definition for Ao• The components of A are given in the Appendix.
In the limit of aligned penny-shaped cracks it now follows from eqn (8) that

(19)

Further, the self-consistent estimate is obtained from

(20)

whereas the differential scheme yields

(21)

The dual formulae for the stiffness tensor are

(22)

the self-consistent result being
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(23)

and the differential scheme giving

dL n
dec = - 6 LAL. (24)

Since the only non-zero components of A (shown in the Appendix) are A3} and A44

(= Ass) it follows from eqns (20) and (21) that only M3} and M 44 (= M S5 ) are predicted
to change. This is, of course, only to be expected.

It is instructive to consider the rather special case when the uncracked body is isotropic.
Thus let Eo, Vo be respectively the initial Young's modulus and Poisson's ratio. Then, from
the Appendix, we see that

With the help of a standard notation

it now follows from eqn (19) that

E[ I
Eo = 1+la(1-v])

Gt 1
Go 1+ a(l-vo)/(2-vo)'

(25)

(26)

We emphasize that eqn (25) is precisely the formula given by Taya[9]. Hence we see
that the Mori-Tanaka[19] back-stress analysis, which is used by Taya[9], yields the non
trivial Hashin-Shtrikman bound. It is noteworthy that it is possible to show that the assump
tions of the Mori-Tanaka[19] back-stress analysis lead to formulae which are coincident
with the Hashin-Shtrikman bounds in other situations-but we do not include details here.

We remark that there is no difficulty in obtaining eqns (19)-(21) by direct methods
instead of using an argument based on cavities. In fact Gottesman et al.[4] have given such
an argument to obtain the bounds and self-consistent results for a solid with slit cracks.
We note that the fully general analysis is given by Laws and Brockenbrough[lO].

Numerical results can be found from eqns (19) to (21) or from eqns (22) to (24). In
practice, we have found it easier to evaluate the compliances from eqns (19) to (21) and
then to determine the stiffness, when required, by matrix inversion.

For the most part we present results for the loss in stiffness of unidirectional fiber
reinforced materials containing a distribution of penny-shaped cracks with common orien
tation perpendicular to the fiber direction. In other words we attempt to model the loss of
stiffness of unidirectional fiber.reinforced materials due to fiber breaks. Data for the
uncracked composite is taken directly from Table 2 of the paper by Dvorak et al.[6] which
is for a T300/5208 graphite-epoxy system with volume fractions Cf 0.2, 0.4, 0.6. As noted
earlier the only compliances which change are M 33, M 44 (= M 55)' In Figs I and 2 we give
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the self-eonsistent and differential scheme predictions for these two compliances. There is
no need to display the Hashin-Shtrikman bound since it coincides with the common tangent
at ex = O. We observe that for each value of Cr the self-consistent result is always greater
than the differential scheme result. For small ex «0.1 say) the two results for M 33 are
coincident and equal to the Hashin-8htrikman bound. On the other hand, we see from Fig.
2 that there is virtually no difference between the self-consistent, the differential scheme and
the Hashin-Shtrikman results for M 44 for ex < 0.5. Thus for practical purposes it suffices
to take
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M 44 = M 44

o 7t 0
= M 44 + "6aA44

where A~4 can be found from the formulae given in the Appendix.
The presentation of the results is sometimes clearer when we use the respective Young's

moduli, Poisson's ratios and shear moduli. Thus we write

VTr Vn
0 0 0ET ET ET

lOTr I Vn

ET ET ET
0 0 0

lOLT VLT I
EL EL EL

0 0 0

M=
0 0 0

GL

0 0

I
0 0 0 0

GL
0

0 0 0
I

0 0
GT

Since the only changed compliances are M n , M 44 and M 55, it follows that ET and GT are
not changed by the introduction of cracks. Also the only Poisson's ratio which is changed
is VLT (for transverse contraction due to longitudinal extension). Results showing the
reduction of EL and GL are given in Figs 3 and 4, respectively. In both cases the Hashin
Shtrikman bound is nontrivial; actually
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We note that the self-consistent estimate for both El and GI. is always lower than the
differential scheme result. Clearly both results are consistent with the Hashin-Shtrikman
bound.

As for the reduction in VLT we note that since Mil = M?3 and M13 :; M'JI> it follows
that

Hence the fractional reduction of VLT is equal to the fractional reduction of £1.' Also the
actual reduction in VLT can be found from the reduction of EL merely by a change in scale.
For clarity Figs 5and 6 display only the fractional reduction for EL and Gt. when Cf := 0.6.
We remark that the appropriate curves for Cr:= 0.2 and 0.4 are almost indistinguishable
from the curves indicated in Figs 5 and 6. By way of comparison Figs 7 and 8 show the
fractional reduction of El. and G1. for an isotropic material with Poisson's ratio '110 = 0.3.
Two remarks are in order. First the fractional reduction CUl"VCS indicated in Figs 6and 7 are
insensitive to the choice ofPoisson's ratio: 0.2 ~ "6~ 0.4. Second the fractional reductions
indicated in Fi,s S and 6 compared with those in Fi,s 7 and 8 show that there is no
possibility ofconstructing "master curves" for anisotropic materials.

4. ENERGY RELEASE RATES

In this section we calculate energy release rates for two different mechanisms of crack
growth. First, we consider a solid which contains a family of cracks each of radius a and
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allow each crack to extend by the same amount. Second, we consider a single penny-shaped
crack in an otherwise homogeneous (cracked) solid. We show, inter alia, that the differential
scheme enjoys a peculiar status in that it predicts equality of the two energy release rates.

Thus we first consider a solid containing a family ofaligned penny-shaped cracks each
of radius a. The corresponding crack density is a. The solid is subject to macroscopically
uniform loading with applied stress a, which is also the average stress. All cracks are
assumed to be open. The total energy of the cracked solid is

E(a) =! rQ"B dV- [ T·u dS2Jv Js (27)

where T, u are respectively the tractions and displacements on the boundary S. It is easy
to show that eqn (27) may be rewritten in the form

E(a) = - ~ va· M(a)a

Eo = -~va·Moa

when IX ¥- 0,

when a =O.
(28)

Thus the total energy released by the introduction of cracks is (Eo-E(a». Accordingly the
energy released by each crack, W(a), is given by

W(a) = Eo - E(a)
'TV

1
= 2'1 a· [M(a)-Mo]a.

(29)

Suppose now that each crack extends from radius a to radius (a+oa) while the total
number of cracks remains constant. This corresponds to an increase in crack density from
a to (a+oa). The crack extension force, or energy release rate per unit length, GA, of each
crack is given by

G __1_ aWda
A - 21ta aa da' (30)

Here the subscript A is used to signify that GA is the energy release rate ofeach crack when
all cracks extend simultaneously. From eqn (16)
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so from eqns (29) and (30)
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6(1 DM
GA =-ri·-ri.

n oa (31 )

The lower bound M- in eqn (19) gives

while the self-consistent estimate of Min eqn (20) yields

and the differential scheme result, eqn (21), gives

Next we focus on a single penny-shaped crack in the cracked solid. We now regard the
cracked solid as a homogeneous medium with effective compliance M(a.). Only one crack
is now present in this effective medium and we wish to determine the energy release rate,
Gs, for extension of this single crack.

In these circumstances we can use the results of Laws[l5] to obtain the required energy
released by extension of this single crack of radius a

Hence

I oS
Gs=-- = ari·Ari.

2na oa
(32)

We emphasize that different models give rise to different values of M. Since the components
of A are given in terms of the components of M by the formulae of the Appendix, it follows
that each of the three models gives rise to a different value of A and hence of Gs.

Whether we consider all cracks simultaneously growing in self-similar fashion or a
single growing crack, it is clear that both GA and Gs are average crack extension forces. Of
course if we are considering crack extension in a single phase brittle solid there is no
conceptual problem. However, in the case when the cracks are located in an effective
composite matrix some further comments are in order. Thus consider an arbitrary growing
penny-shaped crack in a unidirectional fiber-reinforced composite-with the plane of the
crack perpendicular to the fiber direction. In the first place this crack will arise from a fiber
break followed by extension through the matrix until the circumferential crack tip reaches
neighboring fibers. If there is further growth then part of the crack tip must lie in the matrix
material whereas the remainder must lie in the fibers. Since here we consider cracks in an
effective solid it is clear that the energy release rates GA and Gs do not apply when the crack
radius is smaller than the value given in eqn (17) or eqn (18). However, for subsequent
growth an average crack extension force is precisely the quantity which is demanded by the
physics of the problem.

Taya[9] has reported some work on the second case (Gs) but his work appears to have
little in common with the work described here.
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From eqns (21), (29) and (30) we obtain the surprising result that the differential
scheme predicts that GA = Gs. Thus the differential scheme can provide a useful border
between those models which predict GA to be greater or smaller than Gs. However, one
ought to bear in mind that there is no a priori reason why a particular model should not
give GA> Gs for smallcx and yet GA< Gs for large·cx.

Since a general analysis ofeqns (29) and (30) is complicated by the fact that both refer
to mixed mode loading, we concentrate on mode I loading in which the only non-zero
applied stress is aB . From eqns (31) and (32) we have

GA 6 dMn/da.
Gs =-; A

33

It is perhaps useful to emphasize here that both GA and Gs depend upon crack density. This
may be contrasted with the usual situation in fracture mechanics wherein a single crack
extends in a material of fixed properties. Nevertheless we see from eqns (31) and (32) that
if GA/GS ~ I extension of all cracks is indicated rather than extension of a single crack.
When GA/GS < I the opposite conclusion applies.

Numerical results can be obtained for the T300/5208 graphite-epoxy systems con
sidered earlier. In particular Fig. 9 shows the self-consistent and (trivially) the differential
scheme estimates for GA/GS' Since GA/GS ~ I both models suggest extension of all cracks.
By way of comparison Fig. to shows the results for initially isotropic solids in which
case the value of GA/GS is insensitive to the choice of initial Poisson's ratio in the range
0.2 ~ Vo ~ 0.4.

A further general conclusion on energy release rates for a single crack can be obtained
from eqn (30) and the results of Section 3. For simplicity consider the mixed mode loading
a33 oF 0, a23 oF 0 so that eqn (30) reduces to

Thus A33 and A44 may be interpreted as energy release rate factors. Indeed Figs II and 12
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contain the self-consistent and differential scheme results for AH and A44 for the T300/5208
systems considered earlier. It is clear that both models predict that at fixed crack density,
A33 and A44 decrease as the volume fraction of fiber increases. Hence Gs decreases as the
volume fraction of fiber increases in agreement with some results of Taya[9]. Further it is
evident that, for fixed Cr, Gs increases with ex.

Finally, we note that in the fibrous composite medium the crack density will increase
gradually under incremental load, as a result of fiber breaks at randomly distributed
locations. Each new crack will require for its formation at least the same amount of crack
energy as the first crack, i.e. W(ex) ;;;>- Woo Equation (29) indicates that this will be the case
for all models considered herein. Therefore, progressive cracking is governed by spatial
variation offiber strength; sufficient crack energy is available for each fiber break to produce
a new crack.
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APPENDIX

For completeness we give here the formulae for the non·zero components of the II. tensor, defined in eqn
(18), for a penny-shaped crack in a transversely isotropic material. The crack lies in a plane normal to the axis of
transverse isotropy. As is shown by Laws[15J

A _ 2YIY2(1'1 +1'2) Mil-Mi2
/\)) -

n Mil

II. _ II. _ 4(1'1 +1'2)(Mil-Mi2)(2M••)1/2
•• - ss - n{MII(2M••)"2+(YI+)'z)(MII+MI2)(MII-MI2)I/2}

where yi and )'i are the roots of

When the material is isotropic with Young's modulus Eand Poisson'sratio v, it is easy to see that)'1 = )'2 = I.
Hence

4(I-v 2)
II.33 = ---;cg-

8(1-vZ)

II.•• = nE(2-v)'

These results are in complete agreement with those of Eshelby(17].


